Perfect Metal Phases of One-Dimensional and Anisotropic
  Higher-Dimensional Systems by Plamadeala, Eugeniu et al.
ar
X
iv
:1
40
4.
43
67
v2
  [
co
nd
-m
at.
str
-el
]  
28
 A
pr
 20
14
Perfect Metal Phases of One-Dimensional and Anisotropic Higher-Dimensional Systems
Eugeniu Plamadeala,1 Michael Mulligan,2 and Chetan Nayak2, 1
1Department of Physics, University of California, Santa Barbara, California 93106, USA
2Microsoft Research, Station Q, Elings Hall, University of California, Santa Barbara, California 93106-6105, USA
We show that a 1D quantum wire with 23 channels of interacting fermions has a perfect metal phase in which
all weak perturbations that could destabilize this phase are irrelevant. Consequently, weak disorder does not
localize it, a weak periodic potential does not open a gap, and contact with a superconductor also fails to open
a gap. Similar phases occur for N ≥ 24 channels of fermions, except for N = 25, and for 8k channels of
interacting bosons, with k ≥ 3. Arrays of perfect metallic wires form higher-dimensional fermionic or bosonic
perfect metals, albeit highly-anisotropic ones.
Introduction. Do stable zero-temperature metallic phases
exist in one or two dimensions? A system of non-interacting
fermions will always be localized at T = 0 in dimensions
D = 1, 2 in the presence of generic types of impurities [20]
[32]. Localization can be avoided if the fermions have suf-
ficiently strong attractive interactions, but then they form a
superconductor (SC) rather than a metal [2, 11]. A system
of charged bosons is similarly known to have insulating and
superconducting phases [10]. Although the critical point be-
tween insulating and superconducting phases is metallic in
both cases, it is not known in either case whether a stable
metallic phase exists. Such a metallic phase of fermions
would necessarily be a non-Fermi liquid since a Fermi liquid
becomes localized [4, 8] [33].
In addition, we consider a second, related question: if an
infinite array of one-dimensional (1D) Luttinger liquids is
coupled, is there a completely stable, albeit anisotropic, non-
Fermi liquid phase? At the turn of the millennium, it was
shown that inter-chain interactions could stabilize “sliding
Luttinger liquid phases” against many types of interactions
[9, 12, 13, 19, 25–27, 30]. On physical grounds, one could
argue that any other perturbation would be negligibly small
and, therefore, would not have any effect until extremely low
temperatures were reached. But, as a matter of principle, it is
not known whether “sliding Luttinger liquid phases” are ac-
tually stable against all perturbations that might cause them
to become superconducting, insulating, or 2D Fermi liquids
(in which case, they would become localized by disorder).
Moreover, these constructions did not lead to completely sta-
ble 1D metallic systems with a finite number of Luttinger liq-
uid channels. Therefore, as a question of principle, it is not
known whether there is a completely stable zero-temperature
1D multi-channel Luttinger liquid phase or an anisotropic 2D
phase of coupled Luttinger liquids.
In this paper, we answer both questions in the affirmative.
We show that there are one-dimensional phases of interacting
fermions and bosons that are stable against all weak pertur-
bations. These phases do not depend upon a symmetry for
their stability, unlike the edges of symmetry-protected topo-
logical phases [5, 6, 14, 29]. They are stable not only against
all types of disorder, but also against coupling to an external
3D superconductor. Since long-ranged order is impossible in
1D [7, 17, 22], the absence of proximity-induced supercon-
ductivity is a reasonable definition of ‘non-superconducting’.
Due to its extreme stability, we call such a phase a perfect
metal. If we form an array of perfect metal wires, such an ar-
ray is a highly-anisotropic 2D non-Fermi liquid metal or Bose
metal [24].
These results are based on a relation that we demonstrate
between special values of the interaction parameters of a 1D
system with N channels of fermions (or bosons) and N -
dimensional odd (or even) unimodular lattices. Vectors in
such a lattice correspond to the different possible chiral ex-
citations of the system, and the square of the length of a vec-
tor is twice the scaling dimension of the operator that creates
the corresponding excitation. A non-chiral excitation is made
of excitations of both chiralities; at special values of the in-
teraction parameters, its scaling dimension is the sum of the
scaling dimensions of the two chiral operators. Small changes
in the interactions away from these special values mix the two
chiralities, thereby causing small changes in the scaling di-
mensions. Systems that correspond to so-called non-root uni-
modular lattices with no short vectors are stable to all weak
perturbations because all such interactions are irrelevant in the
renormalization group sense. The lowest dimension in which
such an odd lattice exists is N = 23 (the shorter Leech lat-
tice); for even lattices it is N = 24 (the Leech lattice) [18].
Setup. The stable metallic phases that we describe in this
paper are constructed from one-dimensional electronic sys-
tems in which the current-current and density-density inter-
actions have been chosen in a particularly novel way. Such
phases can be accessed by perturbing the conventional action
describing N channels of free fermions in 1D:
S0 =
∫
dtdx
[
ψ†R,I i(∂t − vI∂x)ψR,I + ψ
†
L,Ii(∂t + vI∂x)ψL,I
]
,
where the operator ψ†R,I (ψ†L,I) creates a right-moving (left-
moving) fermion excitation about the Fermi point kF,I
(−kF,I) in channel I = 1, ..., N . The velocity of the I th chan-
nel of fermions is vI [34].
The leading quadratic perturbations couple ΨSCIJ =
ψR,IψL,J to an external 3D charge-2e SC at wavevector
kF,I − kF,J or the charge-density-wave (CDW) order pa-
rameter ρ2kFIJ = ψ
†
R,IψL,J to a periodic electric potential
at wavevector kF,I + kF,J . Both perturbations are rele-
vant at the free fermion fixed point and generically lead to
2a gapped ground state that explicitly breaks translation invari-
ance and/or charge conservation.
The leading fermion-fermion interactions are density-
density and current-current interactions, parametrized by the
symmetric matrix UI,J , with I, J = 1, . . . , 2N :
Sint =
∫
dtdx
[
UI,Jψ
†
R,IψR,Iψ
†
R,JψR,J
+ UI+N,J+Nψ
†
L,IψL,Iψ
†
L,JψL,J
+ 2UI,J+Nψ
†
R,IψR,Iψ
†
L,JψL,J
]
, (1)
where we assume throughout that the interaction is short-
ranged. These quartic interactions are marginal at tree level.
If they are added to the free fermion action, the scaling dimen-
sions of the quadratic SC and CDW perturbations, and also all
higher-body fermion interaction terms will generally change.
Generally, attractive density-density interactions drive SC per-
turbations more relevant, while repulsive interactions favor
the CDW instability. Forward-scattering interactions that cou-
ple densities of the same chirality mix the collective modes
and renormalize their velocities.
Luttinger Liquids and Non-Root Unimodular Lattices. To
study the perfect metal, it is convenient to use the Luttinger
liquid formalism, which enables us to treat Eqn. (1) non-
perturbatively. Thus, we introduce a single, chiral boson φI
(φI+N ) for each chiral fermion ψR,I (ψL,I). Our N -channel
fermion system can be described by the following bosonic ef-
fective action:
S =
1
4π
∫
dtdx
[
KIJ∂tφI∂xφJ − VIJ∂xφI∂xφJ
]
. (2)
Here, I = 1, . . . , N correspond to right-movers and I =
N +1, . . . , 2N correspond to left-movers. KIJ is a 2N×2N
symmetric matrix with integer entries. Density-density and
current-current interactions are parameterized by the symmet-
ric 2N×2N matrix VIJ = vIδIJ +UIJ (with vI ≡ vI−N for
I > N ). The Hamiltonian associated with this action is pos-
itive semi-definite if and only if VIJ has non-negative eigen-
values. In addition, we must supplement the action with a
periodicity condition φI ∼ φI + 2πmI , for mI ∈ Z.
The free fermion fixed point is described within this formal-
ism by choosing K = Kferm = IN ⊕−IN and VIJ = vIδIJ ,
where IN is the N × N identity matrix. The operators
ψ†I,R =
1√
2pia
e−iφIηI and ψ†I,L = 1√2piae
iφI+N ηI+N cre-
ate, respectively, right- and left-moving fermions in the Ith
channel; a is a short-distance cutoff, and the Klein factor ηI
satisfies ηJηK = −ηKηJ for J 6= K in order to ensure anti-
commutation relations between fermion operators in different
channels. The density j0I and current j1I in the Ith channel are
given by jµI = 12pi ǫ
µν∂νφI with ǫ01 = −ǫ10 = 1.
A system of hard-core bosons can be re-expressed in terms
of fermions by a Jordan-Wigner transformation. It can then be
bosonized as above, but with Kboson = σx ⊕ σx ⊕ . . .⊕ σx.
It is important to observe that there is still some redundancy
in the expression for the Luttinger liquid action. The field
redefinition φI =WIJ φ˜J preserves the periodicity conditions
of the fields so long as W ∈ GL(2N,Z) [35]. However, this
redefinition transforms the action in Eqn. (2) into an action of
the same form, but with K˜ =WTKW and V˜ =WTVW .
This seemingly innocuous observation has a surprising con-
sequence. Consider the operator cos(mIφI). It is a local oper-
ator that can be added to the Hamiltonian if 12mI(K
−1)IJmJ
is an integer. It could, potentially, open a gap if its right and
left scaling dimensions are equal, i.e., if mI(K−1)IJmJ = 0.
This operator is an irrelevant perturbation if its scaling dimen-
sion is greater than two, in which case, it will not open a gap
in the infrared at weak coupling. The operator has scaling di-
mension 12
∑2N
I=1(mI)
2 when V = vIδIJ . Suppose, instead,
that K˜ =WTKW and V˜ =WTVW are block-diagonal:
K˜ =
(
K˜R 0
0 −K˜L
)
, V˜ =
(
V˜R 0
0 V˜L
)
, (3)
with positive-definite K˜R,L and V˜R,L. Then, the field redef-
inition φI = WIJ φ˜J allows us to compute the scaling di-
mension of cos(mIφI) = cos(mIWIJ φ˜J): (∆Rm,∆Lm) =
(12m˜
RK˜−1R m˜
R, 12m˜
LK˜−1L m˜
L), where m˜J = m˜R(L)J =
mIWIJ for J = 1, ..., N (J = N + 1, ..., 2N ). If the
off-diagonal blocks in V are non-zero, then the total scal-
ing dimension ∆Rm +∆Lm will generally change, but the spin
∆Rm − ∆
L
m will remain the same. (These manipulations are
a particular manifestation of the observation that density-
density and current-current interactions can modify the scal-
ing dimensions of operators.)
To understand how a perfect metal phase could exist, in
which all such operators are irrelevant, it is useful to ex-
press the above ideas more geometrically. As described in
the Supplementary Online Material, we can associate the N -
dimensional integral lattices Γ˜R,L, with positive-definite in-
ner products, to the matrices K˜R,L. The K-matrices are the
Gram matrices of the lattices and basis changes in the lattice
transform the K-matrices according to K → K˜ = WTKW .
Since 1 = det(Kferm/boson) = det(K˜) = det(K˜R)det(K˜L),
we conclude that |det(K˜R,L)| = 1 [36]. Therefore, Γ˜R,L
are unimodular lattices. Consequently, the full matrix K˜ =
K˜R⊕−K˜L is associated with the unimodular lattice Γ˜R⊕ Γ˜L
of signature (N,N) [37]. An operator cos(m˜J φ˜J) can be as-
sociated with a vector (v˜R, v˜L) ∈ Γ˜R ⊕ Γ˜L, where v˜R,L =
m˜R,LI f˜
I
R,L and f˜ IR,L are bases for Γ˜R,L satisfying f˜ IR,L · f˜JR,L =
(f˜ IR,L)a(f˜
J
R,L)a = (K˜
−1
R,L)
IJ with a = 1, ..., N . The scaling
dimension of the operator is (∆Rm,∆Lm) =
(
1
2 |v˜R|
2, 12 |v˜L|
2
)
for block-diagonal V˜ , as in Eqn. (3).
Therefore, if there are no v˜R,L ∈ Γ˜R,L such that |v˜R|2 =
|v˜L|
2 and 12 |v˜R|
2+ 12 |v˜L|
2 ≤ 2, or, simply, |v˜R|2 = |v˜L|2 ≤
2, then there are no relevant or marginal spin-0 perturbations
of the Luttinger liquid action Eqn. (2) with the choice of
couplings in Eqn. (3). If, moreover, there are no such vR,L,
even if |v˜R|2 6= |v˜L|2, then there are no marginal or rele-
vant perturbations of any kind [38]. A lattice Γ is called a
non-root lattice if all v ∈ Γ satisfy |v|2 > 2 (a vector with
3|v|2 = 2 is called a root vector). Therefore, we have reduced
the problem of finding a metallic state that is stable against
all spin-0 perturbations to the problem of finding a non-root
unimodular lattice Γ˜R whose Gram matrix K˜R is related to
K = Kferm (for a system composed out of fermions) or
K = Kboson (for a system composed out of bosons) accord-
ing to K˜R ⊕ −K˜L = WTKW for some W ∈ GL(2N,Z)
and unimodular K˜L. This also guarantees the irrelevance of
almost all local chiral perturbations, with some exceptions that
we discuss further below (even though such perturbations can-
not open a gap).
At this point, we make use of two fortuitous mathemati-
cal facts. The first is that there is a unique signature (N,N)
unimodular lattice of each parity, up to SO(N,N) rotations
acting on the basis vectors [39], where a lattice is said to
have even parity if the norm-squared of all vectors is even and
said to have odd parity otherwise [18]. Therefore, any dif-
ference between the Gram matrices of two such lattices can
only be due to a difference in choice of basis. Consequently,
all signature (N,N) unimodular K-matrices of the same par-
ity are GL(2N,Z)-equivalent [40]. In particular, there ex-
ists a W ∈ GL(2N,Z) such that WTKfermion/bosonW =
K˜R⊕−K˜L for any positive-definite odd/even unimodular lat-
tice Γ˜R⊕Γ˜L with Gram matrix K˜R⊕−K˜L. The second fact is
that there exist positive-definite unimodular lattices that con-
tain no roots. In fact, for any integer n, there exists an N -
dimensional positive-definite unimodular lattice whose short-
est vector |v|2 = n [23]. The minimal possible dimension N
increases with n. For n = 3, the minimal N = 23 (the shorter
Leech lattice), while for n = 4, the minimal N = 24 (the
even Leech lattice). The Gram matrices KsL and KL of these
two lattices are given in the Supplementary Material.
To summarize, there is a unique signature (N,N) unimod-
ular lattice, up to SO(N,N) transformations. All associated
signature (N,N) unimodular K-matrices give the same op-
erator spectrum of conformal spins since these are SO(N,N)
invariants. However, each unimodular K-matrix gives a dif-
ferent spectrum of scaling dimensions because these are not
SO(N,N) invariants. Non-root unimodular lattices are associ-
ated with theories with no relevant cosine operators.
Shorter Leech Liquid. We first consider the case in which
K˜R = K˜L = KsL, which we call the symmetric shorter
Leech liquid. We will call block diagonal V˜ , shown in
Eqn. (3), the decoupled surface. On the decoupled surface,
the minimum scaling dimension of an operator is 3/2 if it is
completely chiral and 3 if it is spin-0. Small changes in V˜
can only change these scaling dimensions slightly, so there
is a finite region of parameter space in which all potential
gap-generating perturbations are irrelevant. For block diag-
onal V˜ , we can compute the scaling dimensions of various
perturbations using the GL(46,Z) transformation Ws, given
explicitly in the Supplementary Online Material, that satisfies
WTs KfermWs = KsL⊕−KsL. Note that there are many pos-
sible GL(46,Z) transformations satisfying WTs KfermWs =
KsL ⊕ −KsL and, therefore, many different possible matri-
ces V that lead to the same block diagonal V˜ . The Ws that we
construct in the Supplementary Online Material is not sym-
metrical between right- and left-movers, which means that
our choice of velocities and interactions is not parity-invariant.
Although this facilitated our calculations, it is not essential for
any of our conclusions.
Table I lists the scaling dimensions of the electron cre-
ation operators ψ†R/L,I ; inter-channel exchange operators
J⊥R/L;I,J = ψ
†
R/L,IψR/L,J ; SC and CDW order parame-
ters ρ2kFIJ and ΨSCIJ ; and quartic inter-channel interactions in
the particle-hole channel, Op.-h.IJ ≡ ψ
†
L,IψR,Iψ
†
R,JψL,J , and
particle-particle channel, Op.-p.IJ ≡ ψR,IψL,Iψ
†
L,Jψ
†
R,J . We
have indicated the channel indices at which the minimal scal-
ing dimension is obtained for each operator. Note that the
operator ρ2kFIJ scatters a left-moving fermion in channel J to
a right-moving fermion in channel I . As noted in the Table
1 caption, the inter-channel I = 2, J = 4 CDW order pa-
rameter has lower scaling dimension than in any single other
channel. We also see that the most relevant operator is the
2kF charge-density-wave order parameter in channel 5. All of
these operators have very high scaling dimensions. The most
relevant operator with 4 fermion fields is ψR,2ψ†L,2ψ
†
R,4ψL,3,
with scaling dimension 10. Note that operators of this form
destabilize the sliding Luttinger liquid phase in large parts of
the phase diagram [30].
The lowest dimension operators are very complicated com-
binations of the original electrons. From the θ-function for
the shorter Leech lattice [18], we can see that there are 4600
fermionic dimension-3/2 operators of each chirality. One
simple (in the tilded basis) dimension-3/2 chiral operator is
eiφ˜1 , but this has a very complicated form in terms of fermion
operators (given in the Supplementary Online Material) and
has total electric charge−201. There are (4600)2 dimension-
3 operators. A relatively simple dimension-3 operator (given
in the Supplementary Online Material) is a combination of 10
fermion creation and 12 fermion annihilation operators.
There are also dimension-(1, 0) and (0, 1) fields ∂φ˜I .
These shift the Fermi momenta. By coupling such operators
together, we can change the matrix V˜IJ , which is a marginal
deformation of the phase. If such a deformation moves the
system off the decoupled surface, it will change the scaling
dimensions of cosine operators, but will leave their confor-
mal spins unchanged. On the decoupled surface, there are
dimension-(2, 0) and (0, 2) chiral operators – in fact, 93150
of each [18]. An example is given in the Supplementary On-
line Material. They are strictly marginal, due to their chirality,
and, so long as they are sufficiently small, they will not make
any of the irrelevant operators relevant. Hence, they do not
destabilize the shorter Leech liquid, but their coefficients can
be non-zero and they can play a role in determining physical
properties on the decoupled surface. Off the decoupled sur-
face, such an operator will have scaling dimension (2 + α, α)
or (α, 2 + α) and will, therefore, be irrelevant. These obser-
vations also apply to the other perfect metals described in this
paper.
4∆ψR,I ∆
ψ
L,I ∆
J⊥
R,IJ ∆
J⊥
L,IJ ∆
2kF
IJ ∆
SC
IJ ∆
p.-h.
IJ ∆
p.-p.
IJ
s 11/2 17/2 23 13 5 28 17 21
a 9/2 1/2 20 1 5 5 113 5
TABLE I: The scaling dimensions of various physical operators in
the symmetric (s) and asymmetric (a) shorter Leech liquids. The
scaling dimensions depend on the channel indices I, J . We have
listed the minimal possible scaling dimensions, which are attained
by ψR,4, ψL,3; J⊥R;2,4, J⊥L;3,4; ρ
2kF
5,5 ; Ψ
SC
2,4; O
p.-h.
2,5 ; O
p.-p.
3,4 in the sym-
metric case and ψR;2 ψL;21; J⊥R;2,5, J⊥L;21,22; ρ
2kF
2,21; Ψ
SC
2,21; O
p.-h.
2,5 ;
Op.-p.2,5 in the asymmetric case. The right and left scaling dimensions
are not equal even in the symmetric case, due to the asymmetry in
the choice of interactions and velocities, which is not fundamental
but was for calculational convenience.
Asymmetric Shorter Leech Liquid We now consider the
case in which K˜R = KsL but K˜L = I23, which we call
the asymmetric shorter Leech liquid. On the decoupled sur-
face, the minimum scaling dimension of a right-moving chiral
operator is 3/2, but a left-moving chiral operator can have
dimension-1/2. While the minimal dimension of a spin-0
operator is 3, as in the case of the symmetric shorter Leech
liquid, there are strictly marginal operators of dimension-
(3/2, 1/2) on the decoupled surface, but they are irrelevant
off the decoupled surface.
On the decoupled surface, we can compute the scaling di-
mensions of various perturbations using the GL(46,Z) trans-
formation Wa that satisfies WTa KfermWa = KsL ⊕ −I23
and is given explicitly in the Supplementary Online Material.
They are given in Table I. It is unclear whether the asymmet-
ric shorter Leech liquid can be adiabatically connected to the
symmetric one through a sequence of perfect metal Hamilto-
nians in which all potentially gap-generating perturbations are
irrelevant.
Region of Stability of Perfect Metals As we tune the inter-
actions away from the decoupled surface of any perfect metal
phase associated with a non-root unimodular lattice, some of
the irrelevant perturbations will decrease in scaling dimen-
sion and will, eventually, become relevant. The parameter
space is too large for us to fully map out the region of sta-
bility of either the symmetric or asymmetric shorter Leech
liquids. However, as a representative example, consider the
one-parameter family of symmetric theories with V˜ (λ) =
vMTs O
T
s (λ)Os(λ)Ms. Here, v is a velocity scale and the
SO(23, 23) rotation Os(λ)ab = exp
(
λ(δa1δb24 + δa24δb1)
)
where a, b = 1, ..., 46. The matrix (Ms)aI = (f
(sL)
I )
a =
KIJ(f
J,(sL))a is the matrix given in the Supplementary On-
line Materials such that V˜ (0) = MTs Ms is of the form given
in Eqn. (3) with V˜R = V˜L = KsL. The minimal scaling
dimension of a spin-0 operator is 3e−2λ, which becomes rel-
evant at λ ≈ 0.203, where the largest change in an element of
V˜ is 1.25v.
Discussion. Thus far, we have focused on fermionic sys-
tems. However, the same basic strategy applies to bosonic
ones as well. The bosonic system associated with the Leech
lattice, the lowest dimension non-root even unimodular lat-
tice, is stable against all weak spin-0 perturbations, since their
minimal scaling dimension is 4. We will call this phase the
Leech liquid. If we consider systems with more channels,
then even the minimal dimension chiral perturbations are ir-
relevant. In 48 dimensions, there are 4 lattices with mini-
mal norm 6. Moreover, in the n = 8k channel asymmetric
fermionic case, it is possible for the right-moving sector to be
associated with an even lattice so that all right-moving excita-
tions are bosonic.
Perfect metals are described by conformal field theories
(CFTs) with no primary operators of low scaling dimension.
CFTs with a large gap in the spectrum of operator scaling di-
mensions must have large central charge, according to Heller-
man’s inequality 0 < ∆min < (c + c)/12 + 3/2π [15]. This
may explain why our phases have a large number of chan-
nels. According to the AdS3/CFT2 correspondence [21], such
CFTs correspond to weakly-curved gravity duals without light
Banados-Teitelboim-Zanelli black holes [1].
If we couple a Fermi liquid lead to a point in the middle of
a symmetric shorter Leech wire then, on the decoupled sur-
face, the tunneling conductance will be Gtun ∼ T 10 due to the
high scaling dimension of electron operators; in an asymmet-
ric shorter Leech wire, it will be Ohmic, Gtun ∼ T 0, as in a
Fermi liquid, due to the left-moving sector. These exponents
vary continuously as we move away from the decoupled sur-
face. Other properties are proportional to high powers of T
due to the high scaling dimensions of the operators in Table I.
An array of 1D symmetric shorter Leech or Leech liq-
uids forms an anisotropic 2D perfect metal. Since the min-
imal scaling dimension of any quasiparticle creation opera-
tor in each 1D wire is 3/2 (fermions, shorter Leech) or 2
(bosons, Leech), all couplings between wires are irrelevant
except for the marginal couplings between densities and cur-
rents on the different perfect metal wires. The irrelevance of
tunneling operators precludes the possibility of charge trans-
port between wires, but density-density and current-current
interactions will enable inter-wire energy transport. Although
inter-wire density-density and current-current interactions can
change the dimensions of cosine operators, the latter are
highly irrelevant in the limit of decoupled wires, so there is
a non-zero range of parameter space within which couplings
between cosine operators remain irrelevant.
An array of asymmetric shorter Leech liquids presents an
even more interesting possibility. The left-moving channels
are chiral Fermi liquids at the decoupled point, and interwire
couplings will drive a crossover to a 2D chiral Fermi sur-
face. On the other hand, the right-moving channels are chi-
ral shorter Leech liquids, and inter-wire tunneling operators
are irrelevant. Such a system could combine 2D Fermi liquid
properties with 1D shorter Leech liquid properties and exhibit
interesting non-Fermi liquid behavior.
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6SUPPLEMENTAL MATERIALS
Relation Between K-matrices and Lattices
We now make the relation betweenK-matrices and lattices,
used in the main body of the paper, more explicit. Let λ(R,L)a
for a = 1, . . . , N be the eigenvalues of (K−1R,L)IJ with corre-
sponding eigenvectors (f (R,L)a )I . We normalize the eigenvec-
tors so that (K−1R,L)IJ = (f
(R,L)
a )I(f
(R,L)
a )J (this construc-
tion is identical to the introduction of vielbeins in general rel-
ativity). Now suppose that we view the (f (R,L)a )I as the com-
ponents of a vector f IR,L ∈ RN . To make this more concrete,
define the unit vectors xˆa = (0, ..., 0, 1, 0, ..., 0)tr with a 1 in
the a-th entry and zeros otherwise. They form an orthonor-
mal basis of RN so that xˆa · xˆb ≡ δab. Then we can define
f
I
R,L ≡ (f
(R,L)
a )I xˆa. Thus, the eigenvectors f IR,L define a lat-
tice ΓR,L in RN according to ΓR,L = {m˜If IR,L|m˜I ∈ Z}.
This lattice has inner product f IR,L · fJR,L = (K
−1
R,L)
IJ
, i.e.
K−1R,L is the Gram matrix of this lattice. Since ΓR,L are uni-
modular, they are equal to their dual lattices, and KR,L are
GL(N,Z)-equivalent to K−1R,L. Thus, we can equally-well
take KR,L to be the Gram matrices of ΓR,L.
FindingW -matrices
There is a recursive procedure for finding the GL(N,Z)
transformation that transforms any unimodular K-matrix of
signature (N,N) to IN ⊕ −IN [S31]. We describe a single
iteration of this procedure. Let K be the K-matrix.
Step 1: Find a vector of integers ~v such that ~v ·K ·~vT = 0.
Step 2: Find a vector of integers ~w such that ~v ·K · ~wT = 1,
and let k = ~w ·K · ~wT .
Step 3: Choose any set ~ei of vectors spanning Z2N . If
ni = ~ei ·K · ~v
T 6= 0, then shift ~ei 7→ ~e′i = ~ei − ni ~w, such
that ~e′i · K · ~v = 0. Similarly, if mi = ~e′i · K · ~wT 6= 0,
then shift ~e′i 7→ ~e′′i = ~e′i −mi~v, such that ~e′′i ·K · ~w = 0.
Note that this is possible exactly because ~v ·K · ~vT = 0 and
~v ·K · ~wT = 1.
One then eliminates any two vectors from { ~e′′i} that are
not linearly independent from the rest. Call this final set
{~ui}. Construct a GL(2N,Z) transformation out of the row
vectors: W1 = {~v, ~w, ~u1, ~u2, ...}. In the new basis, the
K-matrix now looks block-diagonal, with K ′ of dimensions
(2N − 2)× (2N − 2):
WT1 KW1 =

0 1 01 k 0
0 0 K ′


This procedure can now be repeated on K ′ to obtain W2
(appropriately enlarged by I2 to make it of size 2N × 2N ),
and so on N − 1 times.
The composite transformation W = W1W2...WN diago-
nalizes the original K into N unit determinant blocks of di-
mension 2× 2.
These blocks can be further diagonalized with GL(2,Z)
transformations as follows. If the block has an odd on the
diagonal, then
M =
(
0 1
1 k
)
, U =
(
a b
c d
)
ac− bd = 1 , c2 − d2 = k
UTMU =
(
1 0
0 −1
)
Otherwise, if k is even:
M =
(
0 1
1 k
)
, U =
(
a b
c d
)
ad+ bc = 1 , 2cd = k
UTMU =
(
0 1
1 0
)
At this point our K-matrix is a direct sum of σ′xs and σ′zs.
Finally we can bring K into the form σz ⊕ ... ⊕ σz through
applying the following GL(4,Z) transformation as needed:
σz ⊕ σz = U
T (σz ⊕ σx)U
U =


1 0 −2 −2
0 1 −1 −1
2 −1 −1 −2
0 0 1 1


Explicit forms for the matrices KSL, Ws, Wa, and KL as
well as the vectors that define the operators mentioned in the
text are given in the Mathematica file (and also in a text file)
in the supplementary material.
